Compensated Demand Function and Income and Substitution

We can revisit the utility function U(x,y) = xy?,V x,y > 0. We can derive the indirect utility
function as a function of p,, p,,, and M.

Max xy?
S.t.pxx +pyy =M
Our Lagrangian is £ = xy? — A(pxx +pyy — M)

Kuhn-Tucker Conditions:
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1) yz—pxlzo:/l:p—x

_ - — 2
2) 2xy—p,A=0=1 ’
3) pxx+pyy—M=<0
4) x,y=0
Combining (1) and (2) yields y = 2%, Substituting this into (3) gives us
x*(Px, Py, M) = T Substituting thls back into (3) gives us
Y (02 Dy, M) = 3—m
e - . 4m3
Substituting x*and y* gives us U™ = Ul y—y*y—y* = 5>
27pxpy

We can now derive the generalized compensated demand functions as functions of p,, p,, and U.
Min pyx + pyy + MU — xy?)
s.t.U = xy?
Our Lagrangian is £ = pyx + pyy + A(U — xy?)
Kuhn-Tucker Conditions:

1) p,—Ay!=0=1==

yZ
- = =Py
2) p, /12xy—0:>/1—2xy
3) U—xy? <0
4) x,y=0

Combing (1) and (2) yields y = 2x§—x
y
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Substituting this into (3) yields x(py, py, U) = (U)3 (pry )3,

1
3

Substituting this back into (3) yields y; (px, py, U) = <2U Z—")
y

Using the generalized compensated demand functions we just derived we can
derive the expenditure function as functions as p,, p,, and U.

e" = poxl +py i = 27273 + 2153 (pep3U)
Suppose p, = $2, p, = $3, and = $200.

The utility maximization consumption bundle at these prices and income are

If we now let p, increase to $4, leaving p,, = $3, and = $200 we can find the income
and substitution effects of the price change.

Recall the x*(2, 3,200) = % — 10
N — 4-2003
U* = Ulyogry=y = U(2,3,200) = 2= = 65843.6214
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x:(4,3,200) = (200)3 (;—4)3 = 20.9987

Substitution effect is shown by the movement along the Hicksian demand:

x*(2,3,200) — x7(4,3,200) = % —20.9987 = 12.3346

Substitution effect leads to a decrease of 12.3346 units of good x

2 1 1
m*(4,3,200) = [2‘5 + 25] (4-3-200)3 = 251.9842

200

x*(4,3,200) = % =29 _ 16.6667

o=
Income effect is shown by the movement along the Engel curve:
x2(2,3,200) — x*(4,3,200) = 20.9987 — 16.6667 = 4.3320

Income effect leads to a decrease of 4.3320 units of good x



The income necessary to maintain the original level of utility at the higher prices
2 1 1
is m*(4,3,200) = [2‘5 + 25] (4-3-200)3 = 251.9842.

The subsidy needed to restore the consumer to that original indifference curve is
§*=m"(4,3,65843.6214) — 200 = 251.9842 — 200 = 51.9842.

The compensated loss of consumer’s surplus associated with the price increase is
2 4
* 4 * —_— 77 4 = l P_ § 7 p_ 2/3 1/3
ACSC =S* = fZ xc(px'py,U)dpx :fz (U)3 (ZpTyx) dpx = 3U1/3 (73/) px/ 2 _

51.9842

The uncompensated loss of consumer’s surplus associated with the price increase is
4 _ 4 m
ACS, = [, x*(px, By, M)dpy = |, S%dpx = %[lnpx + c]% = 46.2098

The ACS,. > CS,, which implies this is a normal good.



