
Cost Functions 

Assuming 𝑟𝑟 is the rental rate for capital and 𝑤𝑤 is the wage for labor we can find the long run 
expansion path for the production function 𝑥𝑥 = 10𝐾𝐾𝐾𝐾

𝐾𝐾+𝐿𝐿
. 

𝑀𝑀𝑀𝑀𝑀𝑀 𝑤𝑤𝑤𝑤 + 𝑟𝑟𝑟𝑟  

𝑠𝑠. 𝑡𝑡. 𝑥𝑥 = 10𝐾𝐾𝐾𝐾
𝐾𝐾+𝐿𝐿

  

Our Lagrangian is ℒ = 𝑤𝑤𝑤𝑤 + 𝑟𝑟𝑟𝑟 − 𝜆𝜆 �𝑥𝑥 − 10𝐾𝐾𝐾𝐾
𝐾𝐾+𝐿𝐿

� 

Kuhn-Tucker Conditions: 

1) 𝑤𝑤 − 𝜆𝜆 10𝐾𝐾2

(𝐾𝐾+𝐿𝐿)2 = 0 ⇒ 𝜆𝜆 = 𝑤𝑤 (𝐾𝐾+𝐿𝐿)2

10𝐾𝐾2   

2) 𝑟𝑟 − 𝜆𝜆 10𝐿𝐿2

(𝐾𝐾+𝐿𝐿)2 = 0 ⇒ 𝜆𝜆 = 𝑟𝑟 (𝐾𝐾+𝐿𝐿)2

10𝐿𝐿2   

3) 𝑥𝑥 − 10𝐾𝐾𝐾𝐾
𝐾𝐾+𝐿𝐿

≤ 0  

4) 𝐾𝐾, 𝐿𝐿 ≥ 0  

Combining (1) and (2) yields 𝐾𝐾 = �𝑤𝑤
𝑟𝑟
�

1/2
𝐿𝐿.  

The long run production path for the production function 𝑥𝑥 = 10𝐾𝐾𝐾𝐾
𝐾𝐾+𝐿𝐿

 as a function of 𝑟𝑟 and 

𝑤𝑤 is 𝐾𝐾 = �𝑤𝑤
𝑟𝑟
�

1/2
𝐿𝐿. 

The elasticity of substitution is derived by 
𝑑𝑑�𝐾𝐾𝐿𝐿�

𝑑𝑑�𝑤𝑤𝑟𝑟 �

𝑤𝑤
𝑟𝑟
𝐾𝐾
𝐿𝐿

. 
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Suppose 𝑤𝑤 = $1 and 𝑟𝑟 = $4 and we would like to produce 10 units. We can easily find the cost 
minimizing input combination for the given production function. 

Recall the long run expansion path is 𝐾𝐾 = �𝑤𝑤
𝑟𝑟
�

1/2
𝐿𝐿. 

So by substituting in the wage and rental rates we obtain 𝐾𝐾 = 1
2
𝐿𝐿. 

Substituting this and the desired output level into (3) we can derive 𝐿𝐿∗ = 3. 

Substituting this back into the long run expansion path we obtain 𝐾𝐾∗ = 3
2
 



The cost minimizing input combination for the given production function is (3, 3
2
). 

Now we can derive the conditional input demands 𝐾𝐾∗(𝑟𝑟,𝑤𝑤, 𝑥𝑥) and 𝐿𝐿∗(𝑟𝑟,𝑤𝑤, 𝑥𝑥). 

To do this we will substitute the derived long run expansion path into the production 
function and solve for the respective variable. 

𝐿𝐿∗ = 𝑥𝑥�𝑤𝑤1/2+𝑟𝑟1/2�
10𝑤𝑤1/2   

𝐾𝐾∗ = 𝑥𝑥�𝑤𝑤1/2+𝑟𝑟1/2�
10𝑟𝑟1/2   

To derive the long-run total cost as a function of 𝑟𝑟,𝑤𝑤, and 𝑥𝑥 we substitute the conditional input 
demands 𝐾𝐾∗(𝑟𝑟,𝑤𝑤, 𝑥𝑥) and 𝐿𝐿∗(𝑟𝑟,𝑤𝑤, 𝑥𝑥) into our cost function. 

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = 𝑥𝑥�𝑤𝑤1/2+𝑟𝑟1/2�
2

10
  

Recall the marginal cost function is derived by 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 and the average cost curve is derived by 
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑥𝑥

. 

With this particular production function 𝑀𝑀𝑀𝑀 = 𝐴𝐴𝐴𝐴𝐴𝐴 = �𝑤𝑤1/2+𝑟𝑟1/2�
2

10
. 

As in consumer theory, the 𝜆𝜆 from our Lagrangian in the minimization problem above has a 
particular interpretation.  

By substituting our conditional input demands 𝐾𝐾∗(𝑟𝑟,𝑤𝑤, 𝑥𝑥) and 𝐿𝐿∗(𝑟𝑟,𝑤𝑤, 𝑥𝑥) into either (1) 

or (2) we obtain 𝜆𝜆 = �𝑤𝑤1/2+𝑟𝑟1/2�
2

10
.  

This is the same as the marginal cost. 

If we now assumer 𝑟𝑟 = $4 and 𝑤𝑤 = $1 we can find long run total, average, and marginal costs 
as function of output. 

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = 9
10
𝑥𝑥  

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = 9
10

    

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = 9
10

  

Suppose we continue to assume 𝑟𝑟 = $4 and 𝑤𝑤 = $1 but now fix 𝐾𝐾 = 4. 



We can now derive the short run variable cost, average cost, total cost, average total cost, 
and marginal cost as function of output. 

By plugging into our restrictions into the proper equation from above we obtain 
the following: 

𝑥𝑥 = 40𝐿𝐿
4+𝐿𝐿

  

𝐿𝐿 = 4𝑥𝑥
40−4𝑥𝑥

  

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 4𝑥𝑥
40−4𝑥𝑥

   

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 4
40−4𝑥𝑥

   

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 4𝑥𝑥
40−4𝑥𝑥

+ 16  

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 4
40−4𝑥𝑥

+ 16
𝑥𝑥

  

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 160
(40−4𝑥𝑥)2  

We can also prove that short run variable cost, average cost, total cost, and marginal cost 
take on equal values at the minimum short run average total cost. 

𝑀𝑀𝑀𝑀𝑀𝑀 4
40−4𝑥𝑥

+ 16
𝑥𝑥

  

FOC: 16
(40−4𝑥𝑥)2 −

16
x2 = 0 

x2 = (40 − 4𝑥𝑥)2  
𝑥𝑥 = 8, 13 1

3
  

𝑥𝑥∗ = 13 1
3
  

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 9
10

  

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 9
10

    

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = 9
10

  

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = 9
10

  
 


