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Overview

Groupoids generalize many mathematical objects, with
eroups being the foremost example. Just as groups clas-
sity global symmetries of objects, groupoids can be used to
characterize local symmetries. When a groupoid G acts on
a C*-algebra A, one can construct a new C*-algebra A X G,
called the groupoid crossed product. This directly general-
izes the crossed product of a C*-algebra by a group, and
it is natural to ask whether certain results carry over from
oroups to groupoids. We will discuss two such results here.

Nuclearity and Exactness

Nuclear ('*-algebras

Nuclearity is a very desirable property for a C™*-algebra to
possess. Loosely speaking, it means that a C™*-algebra be-
haves well with respect to tensor products. If A and B are
(*-algebras, the algebraic tensor product

AOB

may carry more than one C*-norm. Therefore, there are
generally multiple ways to complete it to obtain a tensor
product C*-algebra. Most people care about the two ex-
tremes:

ARQpax B and A®, B,

the maximal and minimal tensor products. If the various
tensor products coincide, then the situation is very nice.

Definition A C*-algebra A is called nuclear if
ARQuax B=A®, B
for every C*-algebra B.

Most reasonably nice C*-algebras (such as commutative
ones) are nuclear.

Exactness

A concept which is related to nuclearity is exactness. It also
involves tensor products of C*-algebras.

Definition A C*-algebra A is exact if whenever
0—B—C—D—0
is a short exact sequence of C'*-algebras, the sequence
0—B®, A—C ®, A—D ®, A—0

1s also exact.

Since the sequence
0—B S max A—C X max A—D S max A—0

is always exact, it follows that any nuclear C*-algebra is
automatically exact. However, there are exact C*-algebras
which are not nuclear.
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Groupoids

Basics

Informally, a groupoid is a set G with a “partially defined”
multiplication operation

(v, m) = 1
and an inversion map G — G:

Yy
The unit space plays the role of the “identity”:
GV ={ueG:u=u'l=u
There are range and source maps 7, s : G — G\

r() =y s(v) =",
and
r(y)y=v and 7s(y) =7 VyeG.
One can think of a groupoid as a group in which the product

is only partially defined. Another convenient interpretation
of a groupoid is a collection of “arrows” between units:
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Groups

Groupoids generalize many different mathematical objects.

Note that 7,7 are composable exactly when s(v) = r(n):
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Groupoid Dynamical Systems and Crossed Products

Groupoid Actions

A groupoid GG can act on a set X, provided that there is a
surjection p : X — G, The action is much like a group
action, except it is only partially defined: if v € G and
r € X, then v - x is defined exactly when s(v) = p(x).

Dynamical Systems

Let G be a locally compact Hausdorfl groupoid. For G to act
on a C*-algebra A, we require that A be a Cy(G")-algebra.
That is, there is a bundle A of C*-algebras over G”). and A
can be viewed as a section algebra of A. An action of GG on
A is just a family of isomorphisms

o= {0z}treq, O Asm) = Ara)-

The triple (A, G, «) is referred to as a groupoid dynam-
ical system.

Crossed Products

Given a groupoid dynamical system (A, G, ), one can build
a new (™-algebra that encodes information about the sys-
tem. We start by forming the pullback bundle

rA — G

and we consider the space of continuous compactly supported
sections
(G, r*A).

We assume that G carries a Haar system — a family of
measures which plays the role of the Haar measure on a
locally compact group. Using these measures, it’s possible
to define a convolution-like product and an involution which
make ['.(G, r*A) into a x-algebra. We can define a norm on it
by considering an appropriate collection of *-representations
of I'.(G,r*A) on Hilbert space. The completion is a C*-

algebra,
A, G,

called the crossed product of A by G.

The groupoid crossed product directly generalizes the idea
of a crossed product by a group (which in turn generalizes
group C*-algebras). Indeed, if G is a locally compact group,
then the groupoid crossed product associated to G agrees
with the usual one.

Main Results

[t was shown by Philip Green in [2] that if A is a nuclear
(*-algebra and G is an amenable group, then A %, G is
nuclear. We present the analogue for groupoids here. It
requires measurewise amenability for groupoids, which is a
technical, measure-theoretic condition.

Theorem 1 (L., 2012) If (A, G, «) is a groupoid dynamical
system with A nuclear and GG amenable, then the crossed
product A %, G is nuclear.

[t is also known [4] that if A is exact and G is an amenable
oroup, then A %, G is an exact C*-algebra. The following
analogue holds for groupoids.

Theorem 2 (L., 2013) If (A, G, «) is a groupoid dynami-
cal system with A exact and G amenable, then the crossed
product A %, G is exact.

Applications

Groupoids and their C*-algebras have many potential uses.

« Groupoids generalize many sorts of objects, so they
provide a very general mathematical framework in which
to work.

« Groupoids can be used to analyze symmetries of objects.
In particular, one may be able to recover more
information with groupoids instead of groups.

« It has recently been proposed that groupoid crossed
products may be useful in time-frequency analysis.
Guillemard and Iske [3] have suggested that crossed
products of AF-algebras by certain groupoids, coupled
with persistent homology, could be used to examine the
structure of data coming from a given signal.
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